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SOME REMARKS ON POSITIVE SOLUTIONS OF NONLINEAR
PROBLEMS AT RESONANCE
FAOUZI HADDOUCHI, SLIMANE BENAICHA
Abstract. The proof of a result of J. J. Nieto [3] appeared in “Acta Math,
Hung.”(1992) concerning the positive solutions of nonlinear problems at reso-
nance is corrected and improved.
1. Introduction
The Method of differential inequalities or the method of upper and lower solu-
tions has been used by Nieto [3] to show the existence of positive periodic solutions
for a second order nonlinear differential equation. Nieto [3] has obtained two ex-
istence results of positive and negative solutions for a class of nonlinear problems
at resonance. However we would like to point out that the proof of the first main
result (Theorem 6) in [3] is not correct. We also improve Theorem 7 of [3]. The
correction of the proof of Theorem 6 in [3] is the motivation of this brief paper.
2. Positive solutions and the method of upper and lower solutions
J. J. Nieto in the paper [3] studied the existence of positive periodic solutions of
the equation
u′′ + u+ µu2 = h(t), u(0) = u(τ), u′(0) = u′(τ), (2.1)
where h(t) = ǫ cosωt is τ = 2πω−1 periodic, µ 6= 0, ǫ 6= 0 and ω > 0.
Nieto and Rao in [2] gave the following result:
Theorem 2.1. Equation (2.1) has a periodic solution if 4 |µ| . |ǫ| < 1.
Making s = ωt, (2.1) becomes
u′′ + ω−2
[
u+ µu2 − ǫ cos s
]
= 0, u(0) = u(2π), u′(0) = u′(2π), (2.2)
where u = u(s) and u′′ = d
2
u
ds2
.
Thus we are interested in the existence of 2π-periodic solutions of (2.2) and note
that it is of the form {
−u′′(t) = f(t, u), t ∈ [0, 2π] ,
u(0) = u(2π), u′(0) = u′(2π).
(2.3)
As usual, we say that α ∈ C2([0, 2π] ,R) is a lower solution of (2.3) if
−α′′(t) ≤ f(t, α(t)) for t ∈ [0, 2π] ,
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α(0) = α(2π) and α′(0) ≥ α′(2π).
Similarly, β ∈ C2([0, 2π] ,R) is an upper solution of (2.3) if
−β′′(t) ≥ f(t, β(t)) for t ∈ [0, 2π] ,
β(0) = β(2π) and β′(0) ≤ β′(2π).
Theorem 2.2. [1]. If (2.3) has an upper solution β and a lower solution α such
that α ≤ β in [0, 2π], then there exists at least one solution u of (2.3) with α ≤ u ≤ β
in [0, 2π] .
We are now in a position to prove the following result due to Nieto [3] and then
we critically observe that it corrects the proof of Theorem 6 of [3] and improves it
since we do not impose any condition on the sign of the real parameter ǫ.
Theorem 2.3. If µ < 0 and 4 |µ| . |ǫ| < 1, then there exists a positive (2πω−1)-
periodic solution of (2.1).
Proof. Note that equation (2.2) can be written in the form
− u′′(s) = f(s, u), (2.4)
where f(s, u) = ω−2
[
u+ µu2 − ǫ cos s
]
.
For all arbitrary ǫ 6= 0 and µ < 0, let 0 < a2 < a1 be the real roots of µa
2 +
a − |ǫ| = 0 and b2 < 0 < b1 the real roots of µb
2 + b + |ǫ| = 0. Note that
b2 < 0 < a2 < a1 < b1.
Choose r ∈ [a2, a1] and R ≥ b1 and define α(s) = r and β(s) = R (r < R) for
s ∈ [0, 2π]. Since − |ǫ| ≤ −ǫ cos s ≤ |ǫ|; we obtain
f(s, β(s)) = ω−2(R+ µR2 − ǫ cos s)
≤ ω−2(R+ µR2 + |ǫ|)
≤ 0 = −β′′(s),
f(s, α(s)) = ω−2(r + µr2 − ǫ cos s)
≥ ω−2(r + µr2 − |ǫ|)
≥ 0 = −α′′(s).
Therefore, by Theorem 2.2, there exists a solution u of (2.2) such that u ≥ r > 0.
This complete the proof.

Now, we shall improve Theorem 7 in [3] since we do not require ǫ < 0.
Theorem 2.4. If µ > 0 and 4 |µ| . |ǫ| < 1, then (2.1) has a negative (2πω−1)-
periodic solution.
Proof. The same argument as in Theorem 7 of [3] will be used.

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